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Abstract. In an asymmetric coordination (or anti-coordination) game, players
acquire and use signals about a payoff-relevant fundamental from multiple costly
information sources. Some sources have greater clarity than others, and generate
signals that are more correlated and so more public. Players wish to take actions
close to the fundamental but also close to (or far away from) others’ actions. This
paper studies how asymmetries in players’ coordination motives, represented as
the weights that link players to neighbours on a network, affect how they use and
acquire information. Relatively centrally located players (in the sense of Bonacich,
when applied to the dependence of players’ payoffs upon the actions of others)
acquire fewer signals from relatively clear information sources; they acquire less
information in total; and they place more emphasis on relatively public signals.

JEL Classifications. C72, D83, D85. Keywords. Networks, Bonacich Central-

ity, Information Acquisition and Use, Public and Private Information.

Decision makers often seek to take actions close to some unknown state of the world
(a fundamental motive) and also close to (or sometimes far away from) the actions of
others (a coordination motive). An established literature has applied quadratic-payoff
games with these features to understand information use and (more recently) costly
information acquisition in a variety of important economic environments.

This paper contributes a tractable model of situations in which players care asymmet-
rically about coordination. Links on a network represent players’ desires to coordinate
(or not) with their neighbours. Players also wish to match the fundamental state of the
world. This structure allows for two different kinds of asymmetry. Firstly, two different
players may balance differently the payoff component from coordination with the payoff
from matching the state of the world. Secondly, even if two players agree on this bal-
ance they may care differently about the identities of those with whom they coordinate.
For example, in a hierarchical environment a player might care about coordinating with
higher members of that hierarchy but not with lower members.
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Players learn about the unknown state of the world (and so about likely action choices of
others) via multiple information sources. Each source generates a signal realization for
a player equal to the true state plus a noise term which can be correlated across play-
ers. Such an information source is characterized by two things: the precision of a com-
mon noise component—its underlying “accuracy”—and the precision of a player-specific
component—its “clarity”. Paying more (costly) attention allows a player to reduce the
player-specific noise. This increases both the informativeness of the signal and its cor-
relation with others’ observations. In this context, there is distinction between the “use”
and “acquisition” of information. Specifically, information acquisition refers to the ex-
penditure of costly attention across information sources, where that attention reduces
player-specific noise. Conditional on such acquisition decisions, or indeed in situations
where the information structure is entirely exogenous, information use refers to how
different signal realizations influence players’ final action choices.

Two questions are answered. Firstly: how do the scale and pattern of asymmetric coor-
dination motives influence how players use the information available to them? Secondly:
if information sources are costly, then how do the coordination asymmetries influence
which sources receive attention and the total expenditure on information acquisition?

The answer to the first question is that information use (the response of actions to
signals) is jointly determined by a player’s centrality and the correlation of signal re-
alizations. Centrality refers to how a player’s payoff is influenced by others’ actions,
measured a la Bonacich with a decay parameter equal to the conditional (on the state)
correlation coefficient of signals across players. A player’s (Bonacich) centrality is influ-
enced by both forms of coordination asymmetry: differences in the desire to coordinate,
and differences in the identities of those with whom a player wishes to coordinate. The
key finding is that a bias toward public signals is stronger for more central players.

A clean answer to the second question emerges when players (endogenously) pay to ac-
quire the same subset of the available information sources. Those sources are the easiest
to interpret, even if they have very poor underlying accuracy; equivalently, these are the
sources that are cheapest in the sense that the marginal cost of increasing the precision
of the player-specific noise is lowest. Players then use clearer (or cheaper) signals rela-
tively more: the influence of a signal deviates from its relative accuracy by the product
of the player’s (unweighted) Bonacich centrality and a measure of the signal’s relative
clarity. Strikingly, more central players spend less in total on information acquisition.

Fuller characterizations, including for corner-solution cases in which different players
ignore different information sources, are developed for two commonly studied network
classes. In a two-type core-perhiphery network, central players acquire fewer informa-
tion sources, and make greater use of clearer (rather than more accurate) signals. Sec-
ondly, in a hierarchy in which players seek to coordinate only with those immediately
above them, players further down the chain acquire a subset comprising the clearest
signals acquired by the player(s) above; they acquire less information in total.
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An important message is that relatively clear (and so, endogenously, relatively public)
information has more influence on the players who are more centrally dependent upon
the actions of others in a network; but those players pay less to acquire information.

This paper links a literature which uses network centrality measures in asymmetric
complete-information quadratic-payoff games (Ballester, Calvé-Armengol, and Zenou,
2006) to one which studies the use of dispersed information in symmetric games (Morris
and Shin, 2002; Angeletos and Pavan, 2007), while incorporating the signal technology
of Dewan and Myatt (2008) and Myatt and Wallace (2012). Almost all existing analyses
of quadratic-payoff games with dispersed information specify symmetric players. The
distinction of this paper is that it admits the tractable analysis of an arbitrary pattern
of coordination motives with two kinds of asymmetry: players have different aggregate
coordination motives and also care differently about with whom they coordinate.?

The model and its full-information benchmark solution are described in Section 1. The
equilibrium is characterized in Section 2, with sharp results reported when players ac-
quire and use the same set of signals. A benchmark result in Section 3 reports that
asymmetric players act symmetrically when they share a common aggregate coordina-
tion motive. Two particular formulations are then discussed: “two-type” (for example,
core-periphery) networks in Section 4 and a hierarchy structure in Section 5. Both cases
admit the possibility that an information source is used by some players but not others.
Concluding remarks and a discussion of related literature are contained in Section 6.

1. A QUADRATIC-PAYOFF COORDINATION GAME ON A NETWORK

1.1. Players and Payoffs. Each player m € {1,..., M} simultaneously chooses a real-
valued action a,, € R. For a pair of players m and m/, ,,,- is the (relative) influence of
the action of player m' upon the payoff of player m, which is

Uy, = constant — [ (1 — B)(am — 0)* + Bmzm/;sm%”m’(am — am )| (1)

6 is a common real-valued “fundamental” target, v,,,, > 0, >_ ., s Y = 1, and £,

(which can be positive or negative) is the aggregate influence of others on player m.?

This is a quadratic-payoff game in which players wish be close to the fundamental ¢
and close to (or far away from) the actions of others. Assume |3,,| < 1 for all m, so that
coordination (or anti-coordination) motives are not overly strong.*

2Two existing papers incorporate player asymmetry: Myatt and Wallace (2018) allows for the first kind
of asymmetry, but not for the second, in a specific price-setting model; Leister (2017) allows for general
player asymmetry, but restricts to a single perfectly private signal. See Section 6 for a fuller discussion.
3A player wishes either to coordinate with (5, > 0) or against (3,, < 0) all others. This is straightforward
to relax. Indeed, 7,,.,,,v > 0 is assumed for expositional purposes only: it plays no role in any of the proofs.
4The specification of (1) is not particularly restrictive. See Section 1.3 for a fuller discussion.
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FIGURE 1. A Three-Player Network

Each directed link reflects the dependence of one player’s payoff (at the root of the
arrow) upon coordination with another player’s action (at the head of the arrow).
Here, the elements of I' satisfy 723 = 731 =7 € [0, 4] and 791 = 32 = 1 — v € [5,1].
The players’ concerns for coordination are ; = 0 and 2 = (83 = [ respectively.
Player 1 does not care about coordination, and so 12 and ~;3 are omitted.

The parameters 7,,,, represent the weights on the links in a directed graph in which
each player is identified with a different node. The adjacency matrix for this network is

Y1 Y12 o MM
2 22 0 oM

I'= fY. ' "Y. . . )
YM1 VM2 cc YMM

where ~,,,, = 0 for all m. The mth row captures the relative influence of others’ actions
on the payoff of m. The absolute influence also includes m’s desire to coordinate. Writing
B = (B1,...,0u) and diag|3] for the diagonal matrix with mth diagonal element 5,,, the
adjusted (for the strengths of the coordination motive) adjacency matrix is

51%1 51712 s 51711\4
= diag[B]F _ 52.721 52.722 : 527/2M
Buym Buymz - BuYmwm

I" incorporates two sources of player asymmetry. Firstly, players may be asymmetrically
connected: players m and m’ may care relatively differently about some third player m”,
SO Yim 7 Ymrme- Secondly, even if connections are symmetric and equal (v, = 1/(M—1)
for all m and m') then players may care differently about coordination: j,, # 3, .

A three-player example is displayed in Figure 1. The nodes are the three players. Ad-
jacent to a node is the player’s aggregate coordination concern: 5, = 0 (Player 1 cares
only about the fundamental) while g; = g3 = g > 0 (Players 2 and 3 care equally, in
aggregate, about coordination). There is an asymmetry between those who care about
coordination and those who do not. A further form of asymmetry concerns the network
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of interdependencies. Setting 0 < v < %, Player 3 cares mostly about coordinating with
Player 2 (because v3, = 1 — v > v = 731) whereas Player 2 cares mostly about coordina-
tion with Player 1 (because v93 = 7 < 1 —~ = 9;). Player 3 cares more (relative to Player
2) about coordinating with another coordinator. The adjusted adjacency matrix is

0 0 0
L= | B1-7) 0 By
By  B(l—-7v) 0

1.2. Centrality. §3,, (the sum of the mth row of I') measures m’s direct concern for coor-
dination. However, the effective overall concern for coordination depends on the players
with whom m wishes to coordinate. If m wishes to match those who also have strong
coordination motives then this amplifies m’s incentive to take a coordinated action. The
final strength of the desire to coordinate depends on the entire network and on the cen-
trality of a player within it. This paper uses notions of “Bonacich” centrality that follow
those employed by Ballester, Calvé-Armengol, and Zenou (2006) and others.®

Definition (Bonacich Centrality). Given a network described by T, player m’s Bonacich
centrality with decay parameter p is the mth entry of
M 7111 = N kTR _ /

b=[-p["1 Z;ﬂpFL where 1= (1,...,1).
Briefly, if ' is a symmetric matrix containing only 1s and 0Os then the mth element of
p*T*1 counts the paths of length k that begin (or end) at player m from every other
player. Such paths “decay” (are discounted) by p*. If the matrix contains numbers other
than 1 and 0, each path is further discounted by the weight of each component link.

This definition easily extends to allow different players (or nodes on a network) to have
different exogenous influences, summarized in a vector a. Doing so, the vector of a-
weighted Bonacich centralities (with decay parameter p) is b, = [I — pI'] .

Bonacich centrality is readily illustrated using the example of Figure 1, for which
1—B%y(1-7)
14 B+ f24? : (2)
L+ B+ 441 =)

Given that v < %, it is straightforward to confirm that b3 > b, > b,. Hence, Player 3 is

1

b —
1—B3%y(1—7)

the most central in terms of coordination dependency upon other players’ actions.

1.3. A Full Information Benchmark. A natural benchmark case is when 0 is known.

Each player m chooses a,, to maximize (1). The maintained assumption |3,,| < 1 is
sufficient for concavity, and first-order conditions yield unique best-replies:

Best reply of m = a,, = (1 — 5,,)0 + Bmzm/;zm%“m’am“ (3)

5Bonacich (1987) developed many notions of centrality. Nevertheless, the definition here has become
popularly associated with Bonacich. It is an affine transformation of one appearing in Bonacich (1987).



6

a,, = 0 for all m uniquely satisfies this system: everyone perfectly coordinates, and so
play is completely symmetric.® This is by design: the objective is to study the impact
of asymmetries on information use and acquisition, and so it is instructive to abstract
away from asymmetries in actions that would occur in a full-information world.’

The symmetry of play holds because players care about matching the same fundamental
0 and the actions of others, rather than scaled versions of these target variables.® The
asymmetry in the payoff specification arises because players balance the fundamental
and various coordination motives (one for each other player) differently. This allows for
two sources of asymmetry. Firstly, I' represents a directed network with weighted links
(its elements are not restricted to take values in {0, 1}) and it need not be symmetric (the
influence of player m’ on m need not match that of m on m’). Secondly, the aggregate
influence of others’ actions is not identical across players: (,, # [5,., in general. These
parameters (representing the aggregate coordination motive) can be either positive or
negative (and so actions can be either strategic substitutes or complements).

A feature of the specification (1) is that the coefficients applied to the quadratic-loss
terms sum to one: 1 — By, + B >, Ymny = 1. This is not restrictive: a player’s payoff
can be scaled up or down (so scaling the coefficients) until this equality holds. Indeed,
all results on information use apply even if this sum-to-one equality is dropped. It does
matter, however, for the analysis of costly information acquisition, which is described
just below: scaling players’ payoffs would also scale up or down information-aquisition
costs, and such costs are assumed (again just below) to be symmetric across players.

1.4. Information. The information structure follows closely that introduced (to politi-
cal science) by Dewan and Myatt (2008) and (to economics) by Myatt and Wallace (2012).

Players do not know 6, but share a common prior that 6 ~ N(zg, x2). Many of the results
reported here focus, without loss of generality and for expositional simplicity, on the
improper prior limit where s} — 00.? Players have access to n sources of information

about 6. Each player receives a signal of 6 from information source i € {1,...,n}, where
Signal ¢ received by player m = z;,, = 0 +n; + cim (4)
6(3) may be rewritten in matrix notation: a = (I-T')¢1+T'a, where I' = diag[8]I" and where a = (ay, . .., an)’

is the vector of players’ actions, 1 is the M x 1 vector of 1s, and I is the M x M identity matrix. a = 01 if (I—
[) is invertible. |3,,| < 1 is sufficient; it ensures that the strategic complementarity (or substitutability)
of actions does not overwhelm the incentive to take an action close to the fundamental.

"The specification (1) is a variant of the payoffs found in Ballester, Calvé-Armengol, and Zenou (2006).
In that paper, for the setting described here, equilibrium actions are proportional to weighted Bonacich
centralities (see their Remark 1, p. 1409). The formulation of (1) exactly counteracts the centrality of the
player, so that all players choose the same action. The purpose of this paper is to understand how such
variations in network position affect the use and acquisition of information. Section B.1 in Appendix B
explores more fully the relationship between the specification here and that of their paper.

8This contrasts with a recent paper by Myatt and Wallace (2018) which studies price competition between
suppliers with asymmetrically sized portfolios of differentiated products. In that paper, the actions are
prices and the fundamental state of the world 6 is a common demand shifter. This applied environment
generates a payoff structure equivalent to the one here, but where different players apply different scal-
ing factors to # (for example: larger suppliers seek to set prices that respond more strongly to demand
conditions) and so the equilibrium is no longer symmetric in a full-information world.

9A prior 6 ~ N(zo, x2) is equivalent to adding an (n + 1)st signal i = 0 with parameters x2 and £2 = 0.
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and where the noise terms are all independent. 7; is a source of noise common across
players with n; ~ N(0, x?). The associated precision 1/x? is the “accuracy” of the infor-
mation source. It represents noise inherent in the source itself, perhaps attributable to
errors made when the signal is “sent”. ¢;,,, on the other hand, is an idiosyncratic noise
component, attributable to errors made by the “receiver” of the signal. The associated
precision may be (to some extent at least) under the control of the player. Assume that

£2

m

Eim ™~ N<Oa 57,2m> where gzzm =

The precision 1/¢£? is the underlying “clarity” of information source i. z;,, measures the
(costly) attention player m pays to signal i. Two different specifications are considered.

Firstly, player i might simply receive each signal (free of charge). Setting z;,, = 1 for all i
and m (more generally, fixing z;,,) each signal is characterized by its accuracy and clarity

or, equivalently, by its overall precision ¢); and correlation across players p;, where

IiQ

r; + & Ki &

More correlated signals are more public (if p; = 0 observations are independent; if p; =

P = and p; =

1, then they are common) and so p; indexes a signal’s “publicity”. The focus in this
specification is on information use: how different signals (characterized by ¢); and p;, or
equivalently x? and ¢?) influence the actions taken by differently positioned players.

Secondly, z;,, > 0 might be a choice variable for player m. Prior to choosing an action
(conditional on received information), player m chooses how much attention to pay to
signal i. z;,, = 0 is interpreted as ignoring the signal altogether, and results in a com-
pletely uninformative (infinite variance) realization of x;,,. Attention is costly: let

Con(Zims -+ 2nm) = Dz for allm (5)

be that linear cost which is deducted from u,,,. This admits a sampling interpretation dis-
cussed by Myatt and Wallace (2015, p. 483) and justified formally by Han and Sangiorgi
(2018). Pragmatically, the linearity admits explicit solutions for information acquisition.

Under this specification, the information sources are equally costly. However, the at-
tention paid to a source enters into the signal structure only via the relationship &2 =
&?/zim. Scaling up or down the cost of acquiring any particular information source 7 is
equivalent to scaling up or down the clarity parameter ¢?. Hence, treating all informa-
tion sources as equally costly is without of generality. In essence, z;,, is to be interpreted
as the expenditure on signal i by player m. With this interpretation, clearer signals
(lower &?) correspond to cheaper information sources.

Note that the parameters of information acquisition, such as £? or equivalently the mar-
ginal cost of attention, do not vary across the player set. By design, the information
technology is exogenously symmetric; and so any asymmetries arise endogenously via
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players’ different choices of attention z;,,. This means that the exclusive sources of asym-
metry arise from the specification of u,, in (1). This rules out situations in which some
players find it particularly easy to observe specific information sources.’

The focus for this specification is information acquisition, particularly on which differ-
ent signals are acquired by differently positioned players on the network. Note that the
correlation (and precision) of each signal i is determined endogenously in this latter set-
ting: each signal’s publicity can differ across players and is an equilibrium phenomenon.

2. INFORMATION USE, INFORMATION ACQUISITION, AND CENTRALITY

This section characterizes equilibrium information use first by abstracting from the ac-
quisition problem (so, setting z;,, = 1 for all 7 and m) and then by solving subsequently
for equilibrium information acquisition and use when z;,, is chosen optimally for each i.

2.1. Information Use with Exogenous Signals. The (Bayesian Nash) equilibrium
considered is linear in signal realizations.!' In particular, consider the affine strategies

n
A = WomTo + E iilwimximu

where w;,, is the weight that player m places on signal i, and wy,, is the weight on
the prior.!? Substituting these strategies into (1), and using z;,, from (4), the expected
payoff Efu,,] = constant — (1 — 8,.) E[(am —0)*] = B s Ymm El(am —a7,)?] can be readily
calculated in terms of the weights w;,,; the proof of Lemma 1 reports the full expression.
This generates a game in which each player m chooses n + 1 weights to maximize E|u,,].

Concavity of E[u,,| is guaranteed by the assumption |3,,| < 1. Differentiating with re-
spect to the weight placed on the prior mean yields M equations

) (=) 3 o (0~ ) =0,

which hold if and only if >~ jw;, = 1 for all m: each player’s action choice is a weighted
average of the player’s signal realizations and the prior mean.

Turning to the use of those signals, the n x M first-order conditions are
wjm(/sz' + §j2m) - Bmzm,imvmm’wjm”i? = Cm,

10A more general cost function C,(z,m) = Y. i (imzim allows the marginal cost ¢;,, of attention paid to
source 7 to vary across players. Now consider a situation with three information sources in which players
m and m’ satisty (im = Cimss (m < Cim, @nd (i > Cen. This can be interpreted as a situation in which
source j is delivered in the native language of player m, source k is delivered in the native language of
player m’, and source ¢ is some neutral lingua franca. In this situation, source ¢ could play a role by
giving a signal of common clarity for the players. Such a situation is ruled out by the specification here,
and is left for future work. The authors thank a referee for suggesting such a situation as a possible
interpretation of an information source with common clarity for different players.

HThis is without much loss of generality. In the model of Dewan and Myatt (2008), any equilibrium
involving strategies which are bounded above and below by linear strategies is itself linear.

2xor x9 # 0 any further additive constant term in this affine strategy can be captured via wg,,xo. If
zo = 0 then the constant can be re-instated, with no substantive changes to the results.
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where ¢, is a player-specific constant. Lemma 1 uses the precision and correlation
notation (thereby assuming z;,, = 1 and hence &2, = ¢? for all < and m).

Lemma 1 (Characterization). The unique linear equilibrium satisfies >, , w;, = 1 for
each m. The weight each player m places on information source i satisfies

Wim = BWLZm/#WLfymm/wim/pi + C7nwz'7 (6)

where c,, is an (equilibrium determined) player-specific constant. If the prior is diffuse
then all weight is placed on the signals: lim,z_, ., wo, = 0 and so lim,_, o Wiy = 1.

Allowing the prior to become diffuse (so that k2 — oo) the weight on the prior mean must
fall to zero (since otherwise a player’s payoff would diverge) and so, with such a diffuse
prior, a player’s action is a weighted average of the n signals.

For expositional simplicity, the paper now proceeds with a diffuse prior, so Y | w;,, = 1.
This is without loss of generality: a proper prior is equivalent (from the perspective of
players) to an additional (n + 1)st signal i = 0 with 2 = 0.

Rewriting the conditions of (6) in the vector notation of the previous section provides
some general insight into how information is used by networked players. Define

w; = (wﬂ,...,wiM)' and c= (Cl,...,CM>/ = W :pZFWZ—i‘wZC

Since p; < 1 for all 4, |3,,| < 1 is sufficient for the inverse (I — p,[')~! to exist. Using the
equality " , w; = 1 to solve for c generates the following proposition’s characterization
of equilibrium weights (see Appendix A for all proofs).

Proposition 1 (Equilibrium Information Use). There is a unique linear equilibrium in
which the vector of weights players place on their observations of signal i satisfies

-1

W; = ¢Z[I - pif]_l [ijle[l - pjf]_l 1.

Looking across the player set, the use of a signal is proportional to a player’s Bonacich
centrality with decay parameter p,. The use of a more public signal (with a higher
correlation coefficient) decays more slowly through the network.!®> The influence of a
signal is increasing in its publicity when the game is one of strategic complements (for
instance, when the elements of I are all strictly positive). This effect is compounded for
players who are the most centrally influenced by the actions of others.

As an illustration of the results so far, consider the example of Figure 1, and set v = 3
to make the algebra tractable. Applying Proposition 1, the weights are

(0 vy 1+pB/2—6p
== and wp=ws= =z ,
o R D ST I Tp

Z?:l wj

13Note that A=1 = 3°;° (I — A)* for any invertible matrix A, where A° = I. Using A = I — p,T and
re-substituting for the constants c, the weights may be written w; = ¢;[I — p;[] " c = ¥;> "7, (pi)* T e.
Now I'* captures the influence of the weights chosen by all k-distant players on the network. Thus the
influence of others’ use of signal i decays through the network more slowly the higher is p;.
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where the constant p is a weighted average of the p;s:

= _ ” Vip;
p= Jll—pB/Q/ZJ 11—p]5/2

Player 1 uses precision weighting. Players 2 and 3 (these players are symmetric given
that v = %) care about the signal’s publicity. In particular, w;; = w;3 > w;; if and only if
pi > p, so that the ith signal is more public than average.

2.2. Endogenous Information Acquisition and Use. With endogenous information
acquisition, each player jointly chooses an acquisition policy 2, € R’} and (focusing on
strategies for which actions are linear in signal realizations) the weights to place on the
signals. Setting &2 = £2/zi, for 2, > 0, the first-order condition for w;,, is

2
2 g’L 2
Wim | K; + - Bm E , Ymm! Wim’K; = Cmys
Zim m/#m

t14

where ¢, is again a player-specific constant.”* The first-order condition for z;,, is simply

w? €2/2% =1 (again, when it’s positive). Rearranging yields an analogue to Lemma 1.

Lemma 2 (Equilibrium Properties). There is a unique linear equilibrium in which the
weight player m places on information source i satisfies

Cm — Gi
Wim = Bmzm,im’%nm’wim’ + 2 g ) and Zim = gzwzm (7)

is the attention paid to i, for all i such that w;, > 0 (equivalently z;,, > 0); W, = 2jm =0
otherwise. Here, c,, is an (equilibrium determined) player-specific constant.

The expressions in (7) may be applied directly, and are useful for the two settings dis-
cussed in Sections 4 and 5. In general, different players may listen to different sets of
signals so that z;,, = 0 but z;,,, > 0 for some ¢ and m # m’. Indeed, this will be the case
for many interesting examples. However, a particularly clean result is available when
all the players listen to the same (possibly strict) subset of the n signals.

To this end, suppose that z;,, > 0 < z;,, > 0 for all i and m # m/, so that all players
listen to precisely the same set of signals. Define N, = {i : z;, > 0 for all m}: the non-
empty subset of {1,...,n} containing all the signals that receive positive attention. For
all i € N, the first-order conditions in (7) hold, and } _,_\ wy, =1 for all m

A special case is when all players listen to all signals. A sufficient condition for this is
that no player is too central, or that the least clear signal is not too unclear.’® Given
that clarity can be re-interpreted as the cost of an information source (as discussed

4This is a slight abuse of notation: ¢,, differs in general from the constant identified in Section 2.1.
However, it is convenient for expositional purposes to use the same symbol for these constants.
15Precisely, zim > 0 for all i and m (so that all sources receive positive attention) if

-1
mn%x bm < |:Z:l_1 gma;; §Z:| (8)

where b,, is the (unweighted) centrality of m; the mth element of the vector [l — I']711, and £, = max; &;.
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toward the end of Section 1.4) this holds if the most costly information source is not too
expensive. Scaling down the costs of all sources is sufficient to achieve this.

Proposition 2 applies more broadly when information sources are partitioned into those
that are universally acquired and those that are universally ignored.®

Proposition 2 (Equilibrium Information Acquisition). Suppose that, in equilibrium,
any signal that is acquired by some player is acquired by everyone. The signals acquired
are from the clearest (lowest &;) sources. The weight placed on i by a player m is higher
than its relative accuracy if and only if the information source is clearer than average:

ZjeN* fj/’f?
ZjeN* 1/’43]2‘ 7

for all i € N,. The weight’s deviation from the signal’s relative accuracy is proportional

w; = %{2;1—(@—5*)[1—1;]‘11}, where &, = 9)

2
K; JEN, 1/"?;

to the product of the difference between signal i’s clarity and the average clarity of all the
acquired signals and the player’s unweighted Bonacich centrality.

To understand this proposition, consider & = &, for all i. Applying the solution in the
proposition, w;,, o 1/x? so that play is symmetric and all players use their signals in
proportion to the underlying accuracy of the information source. Given that they do so,
the optimality of information acquisition from (7) implies
- 1 1 1
Zim = &iWim = EWip X /i_f = m X ;?7
and, moreover, all signals share the same correlation coefficient. With equally clear
information sources, signal precisions are (endogenously) proportional to underlying in-
formation accuracies, and all signals are equally public.}” This reinforces the use of

information in proportion to the underlying accuracy of the corresponding source.

Now consider ; < ¢;. Beginning with a situation in which signals are accuracy-weighted,
less attention is devoted to the clearer signal simply because it is easier to understand.
Nevertheless, the overall (endogenous) clarity of the message from source i is now rela-
tively greater than from source ;. It is optimal to place more emphasis on source i. This
explains the presence of the term —(¢; — &,) in the solution reported (9).

The term —(&; — £,) is multiplied by the vector of Bonacich centralities [I — I']7!1, which
says that the effect of greater relative clarity is amplified for more central players. The

16The symmetric case (see Section 3) satisfies the conditions of Proposition 2; max,, b, can be replaced
with 1/(1 — ) in the condition (8). Equivalently: the coordination motive is not too large.
17Clearer signals are endogenously more public in the sense of having higher correlation coefficients in
equilibrium. Note that the correlation between the observation of source ¢ by m and m’ is

1
2 2 \71°3
Pimm!’ = H? |:(/<E$ + El) (/122 + gl):| .
Zim Zim/

In the equilibrium described in this section by (7), and in those to follow, z;,, = £ w;,, when positive. But,
from (9), win, = fm(&)/k7 when positive, where f,, is a decreasing (player-specific) function of &;. It is
straightforward to check that p;ym > pjmm < & < &; if both m and m/ acquire 7 and j. If either m or m’
does not acquire some 7, then p;.,,,,» = 0. As will be seen throughout, players acquire a subset consisting
of the most clear signals. So, in equilibrium, the clearer the signal the more endogenously public it is.
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reason is that clearer sources are more public, and an increase in centrality shifts weight
toward more public (and so clearer) information sources. Naturally, there are equilib-
rium considerations too: if others shift toward the clearer source then those who wish
to coordinate with them (a desire which is captured by I') face an enhanced incentive to
place more weight on and devote more attention to the clearer information. This logic
underpins the solution reported in Proposition 2. That solution applies whether the ac-
tion choices of players are strategic complements (3,, > 0, in which case the centralities
are larger and the emphasis on clearer sources is stronger) or are strategic substitutes
(B, < 0, in which case the effect is weaker). An illustration is provided for players with
symmetric coordination motives (3,, =  for all m) in Proposition 5 below.

2.3. Total Information Acquisition. Beyond the weights attached to the various sig-
nals in use, total information acquisition (measured by Z,, = > ., zim, and so corre-
sponding to total cost paid for the information acquired) is amenable to analysis. Noting
that z;,, > 0 only if ¢ € N,, and using the first-order condition for such z;, in (7), pre-
multiply (9) by & and sum over i € N,. For every ¢, defining the M -dimensional vector

Z;, = (Zjla R ,ZjM)/, and hence Z = Zé_lzi = (Zh ey ZM),,
yields immediately the last proposition of this section.

Proposition 3 (Total Information Acquisition). Suppose that, in equilibrium, any signal
that is acquired by some player is acquired by everyone. Then, player m’s total informa-
tion acquisition is decreasing in the Bonacich centrality of that player. In fact,

)2
7 =£1— [1—?]—112],%%. (10)
J

Consider a game with strategic complementarities (every element of I is positive). Re-
ferring to Proposition 2, and looking across the signals in positive use, the clearer a
signal i (the lower &;) the more weight is attached to it. Indeed, signals that are clearer
than average (as measured by &,) are acquired and used more than implied by their
ien, 1/£3). This effect is compounded by the
player’s position in the network: a player who is more central departs more from using

relative accuracy (as measured by 1/x?/>"

signals according to their relative accuracy than one who is less central. More central
players favour relatively clear (endogenously relatively public) information sources.

On the other hand, Proposition 3 says that more central players spend relatively little
on information acquisition. They are influenced more by others and so they place more
importance on coordination. This rebalances their use of information (meaning the in-
fluence of a signal on a player’s action choice) toward more public information sources.
Such public information sources are those that are clearer. A player faces a stronger
incentive to improve the precision of signals that are used more. For a central player,
the heavily used signals are clearer and so are (equivalently) cheaper to acquire; less
costly attention is required to achieve any particular precision of observation. The focus
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on sources that are less costly reduces central players’ total expenditure on costly infor-
mation acquisition. Note that this does not say that they acquire less information, but
instead simply says that they spend less by using the cheaper sources.

2.4. Corner Solutions in a Three-Player Example. A feature of the equilibrium
characterized by (7) is that in general a signal i may be acquired (and used) by player
m, but not by another player m’. The features of asymmetry in network position that
would drive such behaviours are purposefully ignored in the above. To understand how
and why different players might use different information (and what features of those
sources determine which signals get acquired), two important network structures are
explored in Sections 4 and 5. Before moving on to these cases, some insight may be
gained from the three-player example of Figure 1.

For this three-player example, consider an environment with two information sources,

1
2
satisfy b; > by > b; (see (2) and Figure 1). Under some parameter configurations (for ex-

and order those sources such that & < &. For v < =, the centralities of the players

ample, if & — &, is not too large) all three players use both information sources. Applying
Proposition 2, the use of the less-clear signal by the moderately central player is

= 22‘:1 &/ K5
— Gy Where gy — |1 b6 — d &=
Wy = ey Where 1y 2 [Z?:l " 2(&2 5)] and ¢ 21/

If this second information source becomes even less clear, so that &, rises, then eventu-

1 1 -

ally the most central player 3 stops acquiring and using it altogether. In fact, if

-1
by < [52—51] “ by

K

then ws3 = 0 (player 3 uses only the first signal) but ws, > 0 and ws; > 0.'® However, the
explicit solution for w,, (other information-use coefficients are in Appendix B) becomes

1 1 1= By + 8
K% Z?:l 1/"%2 1—pBy

For this illustrative corner-solution case, where one player ceases to acquire (and there-

Wao =

(& — f)] (1= By) < taa.

fore use) a signal, other (less central) players reduce their use of that signal away from
the centrality-driven solution of Proposition 2. Further analyses of corner solutions of
this type (in which certain information is only acquired by a subset of players) are stud-
ied in Sections 4 and 5. Nevertheless, there is a class of asymmetric games for which
such corner solutions do not apply. These are studied next.

3. A SYMMETRIC EQUILIBRIUM IN AN ASYMMETRIC GAME

The general structure (captured by I') admits a great deal of asymmetry. Typically,
therefore, information use and acquisition differ across players. However, there is an
important class of asymmetric networks for which the equilibrium is symmetric.

181f this holds then the sufficient condition of (8) reported in Footnote 15 fails.
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3.1. A Symmetric Benchmark. Suppose that players care equally about coordination:
B = B for all m, and so I' = SI". No assumption is made on the connections 7,,, and so
very asymmetric networks are permitted. Nonetheless, players share the same Bonacich
centralities. Explicitly, an application of the centrality definition yields:

b=>"" pTH =" (3T = (307 (8)) 1= (1/(1 - pB)L.

A rough intuition here is this. Given that aggregate coordination motives do not vary,
there is no direct reason for players to behave differently. If a player expects others to
behave symmetrically, then the identities of others with whom a player wishes to coordi-
nate (determined by I') does not matter. This suggests that the equilibrium is symmetric,
which is tied to the property that players share the same Bonacich centralities.

To establish this symmetry property formally, and focusing on information use (acquisi-

tion is considered below), insert the symmetric weights into (6):

i
1—Bpi’
c can be solved by summing these weights across i, and using the equality > , w; = 1.

= mm/ WiPi + i = Bpiw; + ey = ey =c Ym =  w;, =
BY o Y Wi+ Cont = Bp Y

The following proposition summarizes these facts using the clarity-accuracy notation.

Proposition 4 (Information Use and Symmetric Coordination Motives). If players share
the same aggregate coordination motive, so that (3,, = 3 for all m,

1 n 1
Wim = w; Vm where w; = T +§?/Zj1(1 T (11)

In this benchmark case, players use information in proportion to its precision-weighted
publicity, a result familiar from Myatt and Wallace (2014, Proposition 1), for instance.

Now allow players to acquire information endogenously. Applying the first-order condi-
tions in (7) from Lemma 2 and inserting w;,, = w; and z;,, = z; for all m and i, whenever
2z > 0< w; >0, then
w; = pw; + 6;2& and z; = uw;.
Ki
So, fori e N, ={j:2; >0} C {1 ...,n}, equilibrium weights are given by
—&

(1 [

The constant ¢,, = ¢ (for all m) can be found by summing over i € N,. Once again, using

w; = whereas for j ¢ N, w; =0.
the average clarity notation from Section 2.2, ¢ = & + (1 — )/ >y, 1/57.

Proposition 5 (Information Acquisition with Symmetric Coordination Motives). If play-
ers share the same aggregate coordination motive then w;,, = w; and z;, = z;, where

1 1 &—S* 5 5*

7 ]EN*

for i € N, and Z,, = 7 is the total information acquisition for player m. Moreover, N, =
{i:6<&6&+01-8)/ D i, 1/k3} is uniquely defined. The players use a (possibly strict)
subset of the signals, consisting of the clearest. Signals j ¢ N, are ignored: w; = z; = 0.
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The parallels between these results and those presented in Propositions 1-3 are plain.
The earlier propositions may be applied directly to obtain (11) and (12). Using the ex-
pression for the inverse of (I — I') derived from the discussions in Footnote 13,

— (0.] — e.) o0 1
— -1 = k = kk = K —
I-D)fi=) =)  #Ti=>  51=— 5
The third equality holds because I' is a row-stochastic matrix and so I'l = 1. Thus (9)

and (10) directly imply (12). A similar exercise can be conducted for (11). As noted
above, (3, = [ for all m gives every player the same Bonacich centrality.

A property of the symmetric equilibrium (this is also true in the presence of asymme-
tries) is that the clearest (lowest ¢;) information sources are acquired. A clearer source
is equivalent to one that is relatively cheap to acquire. (A lower marginal cost in the
linear cost function is equivalent to a lower value of &;.) Such cheap-to-acquire sources
are used even if they do not accurately reflect the state of the world (that is, if x? is high).

3.2. Asymmetric Coordination Motives. A necessary condition for asymmetric be-
haviour is that players differ in their desire to coordinate. This section describes briefly
one situation in which such differences are present.

To proceed, suppose that 7,,,, = 1/(M — 1) for all m # m’ so that there are no asym-
metries in the connections between players. However, suppose that the aggregate co-
ordination motives of players differ: 0 < 3, < 5 < ... < Bu.® Given that aggregate
coordination motives are the only source of asymmetry, it is unsurprising that they de-
termine the players’ centralities, which satisfy b; < by < --- < by, forany 1 > p > 0.

With this in hand, earlier results apply immediately. Proposition 2 notes that the equi-
librium weight placed on an endogenously acquired signal deviates from that signal’s
relative accuracy according to its relative clarity and according to the relevant player’s
Bonacich centrality. Similarly, Proposition 3 can also be applied directly.

Corollary (to Propositions 2 and 3). Suppose that players differ only in their aggregate
desire to coordinate, and consider an equilibrium in which players’ acquire and use the
same set of information sources. A player with a stronger coordination motive makes
more use of relatively clear information, and acquires less information overall.

4. A CORE-PERIPHERY NETWORK

That (at least two) players are differently influenced by others in aggregate is a neces-
sary condition for asymmetry in the network structure to feed through into asymmetric
information use and acquisition across players. Equivalently, players must have differ-
ent Bonacich centralities. This section and the next present general formulations for two
such networks, commonly found in the literature and analytically tractable, to explore
how asymmetries in centrality affect asymmetries in information use and acquisition.?°
I9The restriction to coordination (rather than anti-coordination) shortens proofs and speeds exposition.

20The three-player example of Figure 1 is a special case of both: setting v = 1 yields a simple core-
periphery network, while v = 0 (or v = 1) generates a simple three-player hierarchy.
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FIGURE 2. The Star Network with M — 1 Spokes

Lines represent undirected links from m to m’ with B, Vmm = B/ Ym/m- 1f there is
no line then ~,,,,» = 0. Players {1,..., M — 1} on the spokes care about the actions
of other spoke players only through an indirect connection via the hub player {1 }.

This section studies information use and acquisition across a two-type network, where
the specification also allows for significant asymmetry within each group of types.

4.1. A Two-Type Network of Players. Partition the players into two subsets A and
B of size M4 and Mz = M — M4 respectively. Suppose that these subsets satisfy

Ba meA waqa mMEeA wap mMEeA
5m = s Z Ymm! = ) and Z Ymm! = .
BB me B m'eA wpa MEDRB m'EB wpp MERDB

These requirements say that two members of a group share the same aggregate concern
for coordination with groups A and B respectively. For example, if players m and m' are
both members of group A, then Y .z B Yo = D ,vep Bt Vmime. Similar claims apply
when referring to intra-group coordination with other members of A. Furthermore,
members of each group share the same aggregate coordination motive. Nevertheless,
the opportunity for further substantial asymmetry remains.

This definition encompasses many important network structures. For instance, core-
periphery networks fall under this specification, as do, therefore, star networks.

For a star network, suppose that player M is the hub player, connected to all other
M — 1 players, who in turn are connected only to player M. The usual specification
has 5, Ymm = BmYmm if m and m’ are connected, and ~,,,,, = 0 otherwise. This fits the
definition above with A = {1,...,M — 1}, B = {M}, and with aggregate coordination
motives satisfying 55 = (M — 1)84. Figure 2 illustrates such a specification.

However, the definition is broader than that: general core-periphery networks fit the
construction here, as do many other network forms.?! The key advantage of networks
21See Goyal (2007, Chapter 4, p. 80) for an example with M4 = 8 players on the periphery, Mg = 4 in

the core, and B,,vmm' = Bm'Ym'm for connected players. The “windmill” networks of Dziubinski and Goyal
(2017, p. 345) fall into this definition (at least, those with the same number of players in each clique do).
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with this two-type structure is that solving for the weights (on signals) essentially boils
down to inverting a 2 x 2 matrix, for which an explicit solution is available.

4.2. Information Use. Players’ information use is symmetric within each group. To
see why, consider a strategy profile that satisfies intra-group symmetry. Now consider
(for example) a member of group A. This player notes that all members of group B act in
the same away. Thus, the desire to coordinate with all of them according to the relevant
row of the adjacency matrix I is equivalent to placing weight 34w on one representa-
tive member of group B; the same is true when thinking about co-members of group A.
From this, it follows that all members of A will choose best replies symmetrically.

Given that this is the case, the coordination motives of the M players within I' can be
summarized via the much simpler 2 x 2 adjacency matrix () where

o [ Bawaa Bawap ] ‘

BBWBA BBWBB

Hence (I — pQ2)~'1 reports the Bonacich centralities of the two player groups.

The relative use of (exogenously provided) information by members of the two groups
is determined by how public each signal is: whether one group rather than the other
makes more use of a signal depends upon whether the correlation coefficient of that
signal exceeds a critical value. The proof of Proposition 6 identifies this critical value p.

Proposition 6 (Relative Information Use by the Player Types). If players in B care
more about coordination than players in A, so that 5z > (34, then players in B place more
weight on a signal if and only if it is relatively public: w;x < w;p < p; > p for some p.

The intuition is as before: relatively central players are those with stronger coordination
motives, and they find that relatively public information is more useful for coordination
because correlated signals reveal more about the actions of others.

4.3. Information Acquisition. The intuition above carries over to the case when play-
ers choose which signals (and how much of each) to acquire. Indeed, it is reinforced and
compounded by the endogenous acquisition decisions made by the players.

A first observation is that either players in A acquire a subset of those signals acquired
by players in B or vice versa. An examination of the weight given to each signal i which
is acquired in (9) provides some general intuition. Take the most central player. For this
player &; is sufficiently small such that the term inside the brackets in (9) is positive.
Thus, it must be positive for all other players. Essentially, if the most central player
uses a signal, so does everyone else. Of course, this argument ignores the fact that
the equilibrium conditions in (9) apply only when every player acquires the same set of
signals. However, the broad intuition carries over to the two-type setting.

Define the set of signals acquired in equilibrium by players in A and B respectively as
No={i:za>0}and Ng = {i: z;p > 0}, where z;4 = z;, for m € A and similarly for z;z.
Similarly, define total acquisition as 7, = Z,, for m € A and Zp = Z,, for m € B.
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Proposition 7 (Information Acquisition in a Two-Type Network). Consider a two-type
network with S > f4: members of B care more about coordination than members of A.

(i) Players in B acquire a (possibly weak) subset of the signals acquired by players in A:
Np C Ny. This subset consists of the clearest (lowest ;) signals in N 4.

(it) Players in B place more weight on relatively clear signals (w;y < w;p if and only if & is
sufficiently small). If Ng = N4 then wis < w;p < & < € where € is the accuracy-weighted
average of &; across the (common) set of acquired information sources.

(iti) Players in B acquire less information than playersin A: Z, > Zp.

Not only do more central players place relatively high weight on relatively public sig-
nals, but they will also ignore entirely signals which are insufficiently clear. They do so
even in circumstances when other players on the network pay attention to such (rela-
tively private) information sources. In addition, the fact that more central players care
more about the actions of others and less about the fundamental 6 per se leads them not
just to acquire fewer signals, but to acquire less information overall.

To see these propositions in action, recall the star network illustrated in Figure 2. Con-
sider a simple example with just n = 3 information sources, with & < & < &, so that
information sources are ordered by their clarity: 1 is the clearest. Suppose further that
& > & + (1 — B4)x?2. This is sufficient for neither players on the spokes (m € A) nor the
hub player (m € B = {M}) to acquire a signal from source 3. Clarity determines whether
a signal is acquired, and in this case source 3 is insufficiently clear for acquisition.

Suppose, on the other hand, that & < & + (1 — B4)x3. Then certainly players in the
spokes will acquire a signal from the second source. Proposition 7 can be applied: Sz =
(M —1)x B4 and so Ng C N4. Whether the signals acquired by the hub player constitute
a strict subset of those acquired by the spoke players or not depends critically upon M.
In particular, if M is sufficiently small, so that the hub player is “not too central” then
N = N, and the players acquire the same set of signals. However, if
K — (&2 — &)

BalBart + (&2 — &)

then wop = 205 = 0: the hub player M does not acquire a signal from information source

M>M=1+ > 2

2. Instead, the hub player places all weight on the single clearest signal from source 1.
In this case, the equilibrium values of the weights for spoke players in A are

s B 1_ 2 _ (g,
_ Baki + /€22 + (252 51)7 . ( 5,4)/;1 (252 61)’ and wsy = 0.
/{:1—*—/{:2 H1+/€2

As mentioned, w;p = 1 and wsp = wsg = 0. Thus N = {1} € Ny = {1,2}. Now
consider total information acquisition (or equivalently, the total cost paid for acquired

W14

information) by the different types of player. From (7), Zp = & trivially. 74 = {wia +
&wqy and so it is straightforward to verify that 7, > Z3 (so long as wy4 > 0). Spoke
players acquire more information than the hub player does.
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FIGURE 3. The Hierarchy Network with Two Members per Group

Arrows represent directed links from m to m’ with ~,,,,,, > 0. If there is no arrow
then v,,,,» = 0. Members of each (two player) group care about the actions of those
within their group and those of a single player in the level directly above only.

5. A HIERARCHY NETWORK

This section turns attention to a hierarchy network in which most players share the
same aggregate concern for coordination, but nevertheless acquire and use information
differently owing to their positions within the hierarchy.

5.1. The Hierarchy. Suppose players are arranged in a linear hierarchy. Player 1 (at
the top) does not care about coordination: 3; = 0. Others share the same coordination
motive: (3, = [ for all m > 1. Player 2 is connected to player 1 only, player 3 is connected
to player 2 only, and so on: for m > 1, ~,,,» = 1 if m’ = m —1 and is zero otherwise. This is
a directed and asymmetric network. Players “further down the chain” care more about
coordination, not directly, but rather through their indirect connections to those above.

Although the results of this section will focus on the above story for simplicity, a more
general network structure can be accommodated. In particular, suppose that each level
in the hierarchy contains multiple players. Level / > 2 contains (g + 1)*~2? groups, each
containing g+ 1 players whose payoffs depend upon the actions of all others within their
group and exactly one player from the level above, / — 1. In level 1, there is a single
player (player 1) who is unconnected to any other player.

A simple version is illustrated in Figure 3. Here, g = 1, 7,y = 3 for all connections, and
each group member is linked to exactly the same player in the level above. The payoff
weighting attached to members of ones own group versus that attached to the player in
the higher level may in general be different. For instance, set v,,,, = v if m and m' are
connected and in the same level and ~,,,, = 7' if m’ is the player from the level above
m to whom m is linked (such that the normalization ) _, s Y =1 continues to hold).
Else v,.,, = 0. Note that it does not matter precisely to which player (or players) in level
¢ — 1 the players from a single group in ¢ are connected: the equilibrium weights are the
same for members of each level so long as the aggregate influence the actions of those
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above has upon them is the same. Nor will it matter precisely how many groups there
are in any given level, nor their size: again, the aggregate influence the group’s actions
have upon each of its members is the only feature that matters.

This framework can be generalized even further with no important qualitative conse-
quences for the results.?2 Here, then, the focus will be on a simple case where each level
is identified with a single player: ¢ = 0 and ¢ = m. Note that other than player 1, who
has ; = 0, each player m > 1 has coordination preference parameter 3,, = 5. In this
sense, a hierarchy constitutes a minimal departure from symmetry.

5.2. Information Use. Applying the first-order conditions of (6) in Lemma 1,
Wim = BWjm-1)pj + cmtp; for m > 1,

and w;; = ;¢ for m = 1. Summing over j for m = 1 immediately yields
__ 1 Vi
Z?:l Vi Z?:l Y

Player 1, entirely unaffected by those players below on the hierarchy, uses precision-

c and so w; = = ;.

weighted information. The objective is to explore information use for those players lower
down the hierarchy. Players sufficiently far down the hierarchy behave as if the network
was symmetric (see Proposition 4). Essentially, such players have the same centrality.

Proposition 8 (Information Use in a Hierarchy). Consider a hierarchy: (i) /1 = 0 and
(it) for m > 1, 5,, = B and Ve = 1 only if m' = m — 1 > 1 and is zero otherwise. Then

Wil = —5—— E ——— and im wiy = /E
TR+ g;/ i=1 K2 + €2 Moo M T (1 )R+ € i=1(1 — B)K2 + €2

Player 1 uses each signal in proportion to its precision. Players far “down the chain” use
weights approximately proportional to the precision-weighted publicity of each signal.

Moving down the chain of the hierarchy is equivalent to following a chain of iterative
best replies, which naturally converges (further down the chain) to the equilibrium use
of information in a game where all players share the same coordination motive.

5.3. Information Acquisition. Players within the hierarchy typically acquire differ-
ent sets of signals. Without loss, order the information sources by clarity so that & <
& < ... <, and define N, = {i : z;, > 0} C {1,...,n}. Further, let n,, = max{i € N,,}.
n., < n is the least clear signal that player m acquires and uses.

The objective is to show that N,, = {1,...,n,} C N,,_; for all m > 1: that is, lower
players in the hierarchy acquire (weakly) fewer signals than higher players, and that
these consist of precisely the n,, clearest (lowest &;) signals. Certainly player 1 acquires
a subset consisting of the clearest signals. To see this, note that from (7), wj; = (c1—¢;)/x3

22 Appendix B.3 provides a recipe for doing so in the case where each level £ > 1 contains several groups of
g-+1 players. Aside from a technicality or two, the proofs involve nothing more than a change of variables.
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for any j € N;. Now ¢, is constant across i, so if for any j > 1, {; < ¢; then §;_; < ¢;. But
then w;_;; > 0 and hence z;_;; > 0. Indeed, ¢; can be directly calculated from (7) and

o L+ ZiENl &i/ K}
E ) Wi = 1, SO 1 = 5 -
€N Ez‘eNl 1/’@‘

The proof to the next proposition, which characterizes the acquired sets of signals for
each player, confirms N, is uniquely determined. Thus N, = {1,...,n;} as required.
Players “further down” the hierarchy acquire fewer signals. In fact, they acquire subsets
of signals acquired by players above them, consisting of the most clear: player m chooses
to acquire the clearest n,, signals only, and n,,,,; < n,, for all m.

Proposition 9 (Information Acquisition in a Hierarchy). For a hierarchy network:

(i) Each player acquires a (weak) subset of the signals acquired by the player above. These
are the most clear: for all m > 1, there is a unique n,, such that wj,, > 0 & z;, > 0 for all
J < Ny and Wiy, = 2jm = 0 for all j > n,, with n,11 < Ny,

(i) Players lower in the hierarchy acquire (weakly) less information: Z,,,1 < Z,,.

(iii) Player m + 1 places more weight on signal j than player m does, so that wj,1 > W,
and acquires more of j, so that 2,1 > zjm, if and only if j is clear enough.

(iv) If players m and m + 1 use the same signals then player m + 1 places more weight on
signal j than player m (and acquires more of it) if and only if j is clearer than average.

Claim (i) states that players further down the chain use a weak subset of the signals
used by those above. This subset can be strict, as a simple example suffices to show.

Suppose that there are n = 3 sources ordered in terms of their clarity ; < & < &. Let

2
K1

1+5
(Note 8 < 1, so this chain of inequalities is feasible.) With this example, n; = 2 and

& <&+ <& <E KL< &

n, = 1 for all m > 2. The weights on the signals are

2 2
n= :%%5 = H%%% 2, ond v =0
Furthermore, w;,, = 1 and ws,, = ws,, = 0 for all m > 2. The top player in the hierarchy
ignores information source 3, but acquires signals from sources 1 and 2. Lower players
acquire a signal from source 1 only (and trivially must place weight 1 upon it, therefore).
Total acquisition, equivalently the total cost paid for information, is given by
K5+ (&2 = &1) K= (& — &)

2 2 2 2
K1 + K3 K1 + K3

Z1 =& and Z,, =&,

+ &2

for all m > 2. A quick calculation confirms that 7, > Z,, & & < &, as assumed. Thus, as
claim (ii) of the proposition guarantees, the player at the top of the hierarchy acquires
more information (equivalently, pays more for information) than those below.



22

This reemphasizes the main message: more central players (in this case, those further
down the hierarchy) acquire less information, acquire relatively clear (or public) infor-
mation, and use relatively clear (or public) information more intensively. The set of
sources they acquire is a subset of those acquired by less central (higher) players.

6. RELATED LITERATURE AND CONCLUDING REMARKS

This paper links two strands of literature concerning quadratic-payoff games: studies
of information use, after Morris and Shin (2002); and studies of coordination with net-
worked player dependencies, following Ballester, Calv6-Armengol, and Zenou (2006).

The contribution of Morris and Shin (2002) generated a large literature investigating
information use in quadratic-payoff coordination games and its welfare consequences.
Such models have been applied to investment games, business cycles, oligopolies, po-
litical leadership, and financial markets (Angeletos and Pavan, 2004, 2007; Myatt and
Wallace, 2014, 2015, 2018; Dewan and Myatt, 2008, 2012; Allen, Morris, and Shin, 2006).
The typical setting is one in which all players receive public (perfectly correlated) and
private (completely uncorrelated) signals about the fundamental.

Relative to a public-and-private specification, this paper allows for the acquisition and
use of multiple information sources. The structure was introduced by Dewan and Myatt
(2008, 2012), extended by Myatt and Wallace (2012), and has been applied extensively
(Myatt and Wallace, 2014, 2015, 2018; Pavan, 2016; Galperti and Trevino, 2018). It
allows players (at some cost) to alter both the precision and correlation properties of
their information sources. Other work has restricted to binary acquire-or-not decisions
(Hellwig and Veldkamp, 2009) or to choosing the precision of a single private signal
(Llosa and Venkateswaran, 2013; Colombo, Femminis, and Pavan, 2014; Leister, 2017).

Almost all related papers specify symmetric players. A novelty here is that the model
admits a very general class of asymmetries in players’ preferences for coordination, rep-
resented by the links in a network. Ballester, Calv6-Armengol, and Zenou (2006) studied
a general class of quadratic-payoff games where players’ coordination preferences are
described in this way.?? In a complete information setting, players’ (weighted Bonacich)
centralities determine their equilibrium actions.?* Only a very small selection of recent
papers allow for some form of asymmetry when information is dispersed. Three are
identified here: Myatt and Wallace (2018), Leister (2017), and Denti (2017).

Myatt and Wallace (2018) studies a price-setting oligopoly with differentiated products,
uncertain linear demand conditions, asymmetrically sized firms, and the information
structure used here. Their applied setting allows for players who care differently about

23For textbook treatments see Goyal (2007) and Jackson (2008). The structure has been extended by
Belhaj, Bramoullé, and Deroian (2014), and used widely. For example, Konig, Tessone, and Zenou (2014)
studied the stochastic stability of equilibria in a network-formation game in which payoffs take this form.
For applications to pricing in which the network reflects consumption externalities, see Fainmesser and
Galeotti (2016a,b). None of these papers studies the acquisition and use of dispersed information.

24This connects an older literature (Katz, 1953; Bonacich, 1987) on indices of network centrality to equi-
librium play in a broad class of games. This connection extends to situations with dispersed information.
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coordination (specifically: larger firms control more products, and care less about the
prices of others) but do not care differentially about others. In essence, their model is
one in which 3,, # 3, for two players m and m’, but where ~,,,, = 1/(M — 1).

Leister (2017) gives each player costly control of the precision of only a single “perfectly
private” signal and assumes enough structure to ensure an interior equilibrium. On the
other hand, Leister (2017) admits a wider range of cost functions; considers precision
choices that are publicly observed prior to play; and evaluates welfare. His messages
are complementary, and it remains an open (and welcome) question as to whether his
conclusions carry over to a more general information structure.

Each networked player in Denti (2017) designs a signal’s correlation structure with the
signals received by others and the state. The cost of acquiring such information takes
the entropy form of the rational inattention literature (Sims, 2003, 2006). As here,
Bonacich centrality combines with—now optimally chosen under entropic costs—signal
correlation to determine the network effects of information acquisition. As a result of
the non-convexities generated by entropic costs, however, and unlike here, multiplicity
may arise (as in the symmetric example of Myatt and Wallace, 2012, Section 9).

In this paper, information acquisition is separate from the network itself. This contrasts
with work in which the network describes the communication links between players
(Calvo-Armengol and de Marti, 2007, 2009). For example, Herskovic and Ramos (2015)
studied a network-formation game with players who each have access to uncorrelated
signals. Rather than (as here) investigating the impact of a network structure on in-
formation use, that paper (and much of the literature from which it proceeds) explores
the impact that information use has on network structure. Interestingly, publicity is
key here also: players with particularly “good” information attract others who link with
them. The more who link, the more public the signal becomes, the more useful it is to
others trying to coordinate.?’ Thinking of such players as “opinion makers”, Herskovic
and Ramos (2015) relate their result to the origins of leadership. In an asymmetric set-
ting, Calvo-Armengol, de Marti, and Prat (2015) study communication in which players

can control the precision with which they send and receive signals to and from others (at

).26

some cost).”” Again, players exogenously receive only a single, private, signal; although

the aggregated information is endogenously public via the communication process.?”®

2530, in Herskovic and Ramos (2015), the better informed become the more influential. This contrasts
with the “tyranny of the uninformed” result of Golub and Morris (2017) who provide an extended dis-
cussion of the distinction between these two results. It is interesting to compare these results with the
observation of the current paper, that relatively centrally located players tend to focus on fewer, relatively
public, signals. In other words, those who are more influenced by others acquire less information.
26In‘cerestingly, players are unable to ignore entirely another player’s signal by assumption. The current
paper, the paper by Herskovic and Ramos (2015) discussed above, and the work of Currarini and Feri
(2015), who study bilateral information sharing on networks, suggest this may not be entirely innocuous.
27Similar questions relating to information transmission in networks are addressed by Hagenbach and
Koessler (2010) and Galeotti, Ghiglino, and Squintani (2013). In those papers, communication is modelled
as “cheap talk” and payoff asymmetries enter through biases on the fundamental motive (rather than via
the coordination motive). The focus is, therefore, upon the potential for credible communication.

28In related work, Galeotti and Goyal (2010) present a model in which the players’ payoffs depend on
information acquired from their neighbours. Their focus is on the outcome of a network formation process
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Information use by networked players has also been studied in different strategic set-
tings. A recent paper by Leister, Zenou, and Zhou (2017) studies an exchange-rate attack
environment (so, a binary-action coordination game) with a common unknown payoff-
relevant variable (). Players receive a single costless (uncorrelated, conditional on 6)
signal about 6 before choosing their action. The focus is on the cut-off equilibria typi-
cal of exchange-rate attack problems and not on information acquisition and use, but
players’ payoff-dependencies are also represented by a network structure.

Relative to the social value of information literature, this paper studies a general class
of preference asymmetries via the network on which players are arranged. Relative
to the literature on games and communication in networks, the model here focuses on
the acquisition and use of information sources independent of the network structure it-
self. Instead, the model incorporates a rich correlation structure over multiple different
sources whose publicity and precision are affected by the acquisition decisions of the
players themselves. A key contribution is to identify a connection between information
acquisition (and use), the signal’s publicity, and the players’ centrality in the network.

APPENDIX A. PROOFS OF LEMMAS AND PROPOSITIONS

Proof of Lemma 1. A first step is to show that the expected payoff of player m is
E[um] = constant — (1 — By,) E[(am — 0)%] — Bmszfm%m’ E((am — d,)’]

where E[(a,, — 0)?] = (Zn Wim, — 1)2 xh + (Z:lez'm - 1>2 kg + ijlw?m(K? +&0)

i=0
n 2 n 2
and E[(a,, — am/)Q] = (Zizo(wim — wim/)) m% + <Z¢:1(wim - wim/)> /a%
n n n
+ Zi:1<wim - wim’)QﬁZZ + lelwgmfgm + Zizlwizm’ i2m’
With linear strategies of the form stated in the main text,

am — 0 = (ZZ1wim — 1) (0 —x0) + Z:lwim(m + &im) + (Z:nzowim - 1) 0.

All but the final term are zero in expectation, and all terms are uncorrelated. Hence, squaring
and taking the expectation yields E[(a,, — )?]. A similar procedure yields E[(a,, — al,,)?].

Differentiating with respect to wo,,,

OE[(am — 0)’] _ "o 2 _ of- 2

- Oowom 2 (Zi:owm N 1) zy = 2(Wm — 1)z
OE[(am — an)?’] _ . , 2 _ o N2
8w0m =2 (Zi:o(wlm - Usz/)) g = 2(wm — wm’)xo-

where @, = )" , win and similarly for @,,,. Hence:

B O E[tm)
8w(]m

- 2‘%‘(% |:(1 - Bm)('wm - 1) + 5mzm,7£m7mm/ ('wm - wm’) =0.
These M equations solve to yield w,, = 1 for all players.

when equilibrium play of the game is itself network-dependent (using the networked public-good provision
game of Bramoullé and Kranton 2007, later generalized in Bramoullé, Kranton, and D’Amours 2014). A
recent experimental treatment of these network formation issues can be found in Goyal, Rosenkranz,
Weitzel, and Buskens (2017), while Galeotti, Goyal, Jackson, Vega-Redondo, and Yariv (2010) investigate
a variant in which players have incomplete information about the structure of the network.
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Next, differentiate with respect to w;,, and evaluate at w,, = 1 to obtain

OE[(a,, — 0)?
OE[(ay, — apy)?
and PEWOn = 00)] s (s — )+ 20— w3+ 20
OE[(am — 0)?
- % + 2w kg — ijm’“2
im
1 E)E[um] . 2 2 2 2 2
2 Owijm = —wom kg + Wim (K5 + &) + 5mzm/¢m7mm' [wom? g — Wjm k5]

Setting this equal to zero yields the condition stated in the lemma, where
Cm = wOm/{(% - Bmzm,im'ymm/WOm”{a

Uniqueness follows from the invertibility of the matrix described in the next proof. O

Proof of Proposition 1. |p;#m| < 1 for all m and so [I — p;T'] has full rank for all i. Using vector
notation, the first-order condition of (6) in Lemma 1 can be written as w; = ¢;[I — p;,[]"'c. Sum-
ming over signals gives 1 = Z?Zl Y[l — p;I']~tc. There is a unique solution to the optimization
problem if and only if }~7_, ¢yl — p;T]~" is invertible: ¢ = [3°7_ [l — p;T)717'1.2° Then, as
required, the equilibrium weights may be written in vector notation as

~1

TR SIRTEVE S RO DAL ) SR Se ]

where the second equality follows the discussion in Footnote 13, and which further justifies the
discussion immediately following the proposition. O

Proof of Lemma 2. Differentiating E[u,,] with respect to w;,,, and setting to zero, gives exactly
the expression in the main text above Lemma 1. Differentiating with respect to z;, gives
w? €2/22 = 1. Noting &2, = £?/z, and substituting using the first-order condition for z;,,
gives the expression reported in Lemma 2 for an interior solution. When z;,, = 0, payoffs would
diverge if w;,, # 0, yielding the second part of the lemma. O

Proof of Proposition 2. The first-order conditions in (7) may be written w; = T'w; + (1/x2)[c — 1]
so long as w;,, > 0 for every m, that is i € N,. Restricting to the case where if i is acquired by
any player m then i is acquired by all others too, so that w;,, > 0 for all m,

1-Twi=5le-&1] = wi=[-Fc-g1] =

1=ZWi=ZH[I—] e— &1 =[1-T cz 112&

iEN* iGN* ZEN* ZGN*

@R[\)‘ —_

which, using the definition of ¢, given in (9), can be solved explicitly for c:
1 _ _
c=—=————[I-TJ]1+¢&1.
Dien, 1/63 .

29This is not immediate: the sum of many invertible matrices is not necessarily itself invertible. It can be
guaranteed by restricting the /3, parameters (that they be small enough: the inverse exists if 3,,, = 0 for
all m, so continuity of the matrix inverse function guarantees such positive values can be found).
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Now c can be substituted back into the expression for w;, giving

w; = % {ﬁl — (& —f*)[l—f]_ll},

7 JENK J

The fact that players acquire the clearest signals follows from inspection. O

Proof of Proposition 3. Multiply (9) through by &; to obtain

gi 1 = —1—1
PR . — Y TR ) S N
K3 {ZjeN* 1/k; ( ! | }
then sum over i € N,, and note the identity >, . &(& — &)/k7 = Dy, (& — &% /K2, by the
definition of £, in (9), yielding the expression in (10). O

Proof of Proposition 4. Follows directly from arguments in the main text. O

Proof of Proposition 5. The first part and (12) follow directly from arguments in the main text.
The formulation of N, follows immediately from inspection of the first equation in (12). For N,
unique, see the proof in Myatt and Wallace (2012, Proposition 2). O

Section 3.2 observes that if there are no asymmetries in the connections between players (so
that v, = 1/(M — 1) for all m and m’ # m) then players centralities are determined by their
aggregate concerns for coordination. This is recorded here formally as a lemma.

Lemma 3 (Coordination and Centrality). If there are no asymmetries in the connections between
players and if 1 < --- < BN, then players’ centralities satisfy by < bo < --- < by forany 1 > p > 0.

Proof of Lemma 3. For expositional simplicity (and without loss of generality) set p = 1. The
vector of Bonacich centralities is b = [I — T]7!1 = 3°7°  b* where b* = T'*1 . b! satisfies b}, = 3,
and so (i) bl < --- < b}, and (i) (b1/B1) > --- > (b},;/Bum). This is an induction basis. As an
induction hypothesis suppose that, for k£ > 1, both (i) and (ii) hold. Now, for any m < M,

Pt = Om NSk andso B <UL e B SO WL < e S

M -1
m/#m m/#m m/#m+1

~ meﬁﬂ-l - Berlbern < (ﬂerl - Bm) Z bl:n"
m/#m,m+1
The right-hand side is positive, and so a sufficient condition for this to hold is 3,,b*, 1 < By 1bk
or equivalently (b%, | /Bm+1) < (b%,/Bn), which holds from the induction hypothesis. Further,
b prt1

+1 k k k k
n > = & E by > E bry & b >0br,
B B

m m+l m/#m m/#m+1

which also holds owing to the induction basis. By the principle of induction, (i) and (ii) hold for
all k. This in turn implies that b,,, = Y 7, bk is strictly increasing in m. O

Proof of Proposition 6. Define

d(p) = (1 — Bawaap)(l — Bewrpp) — BaBBwABWEAP® (13)

which is the determinant of (I — pQ2). Next, define the weighted averages v, and p, as

no; n ip; . P
Wy = Zizl o(p:) and py = Zi:l o0o0); Finally, let p= i (14)
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The maintained assumption |3,,| < 1 guarantees ¢(p) > 0 for all p € [0, 1]. Moreover, ¢(p) < 1 for
all p € [0,1]. The “average publicity” term p is also between zero and one. Whether a signal is
more heavily used by members of A rather than B turns on whether or not p; exceeds p.

A solution for the equilibrium will be found by assuming wj,, = w;4 and ¢,, = ca for all m € A4;
wjy = w;p and ¢, = cp for all m € B. Then, using (6) in Lemma 1,
wja = Balwaaw;a + wapw;plp; + ca;;

w;B = BplwBaw;ja + wBw;Blp; + cBY;.

These equations solve readily to yield w;4 and w;p in terms of c4 and cp. For example,

Bawappjcs + (1 — Bpwpppj)ca
— Bawaap;)(1 = Bpwpppj) — BaPBBwaBwBApS.

wia = 1/}]' (1 (15)

Clearly, an equivalent is readily available for w;p simply by swapping A and B in the above
wherever they occur. Now, summing over j, and using > | w;,, = 1 for all m,

1 = Bawappscs + (Y4 — Bpwpppy)ca = Bewpaprca + (Y — Bawaapy)es, (16)
where p, and v, are given in (14). Equating the two expressions in (16), collecting terms, and
noting that way +wap = wpa +wpp = 1,

€A _ M’ (17)
cg Y+ —Bpp+
from which ¢4 > ¢ & B4 < Sp is immediate. Now using (15), cancelling the common denomi-
nator and the 1; terms, wj4 < w;p if and only if

Bawappjce + (1 — Bpwpppj)ca < Bpwpapjca + (1 — Bawaap;)ca.
Collecting terms and rewriting, this holds if and only if

1= Bppj _cs _ 1= Bpos/vs

L—Bap; ca 1= Bapy /iy’
where the last equality follows from (17). Assuming 54 < Bp the first ratio is decreasing in p;,
so the inequality is equivalent to p; > p /¢4 = p. O

An observation in the text is that either players in A acquire a subset of those signals acquired
by players in B or vice versa. This is stated and proved here as a formal lemma.

Lemma 4 (Nested Attention). Either N4 C Ng or Ng C N4 or both.

Proof of Lemma 4. The first-order conditions for w;4 and w;g (when positive) from (7) are

ca — & cg —&;
wig = Balwaswia +wapwip| + —— S and w;p = Bplwppwip +wpaw;a] + p & (18)
5 5

The above first-order conditions apply if i € No N Np = Nanp. Fori € NaN—Np = Ny,

ca—¢&i
wia = Bawaawia + p and w;p = 0.
7

Clearly, for i € Ng N =Na = Np/4 the expressions are reversed. So, first, suppose that there
exists i # j such thati € Ny g and j € Ng/4. Then

1 ca—§& 1 cB — &
= >0 and w;g= >0, (19)
1— Bawaa K2 ! 1 - Bpwpp K2

Wi A
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whereas w;p = wjs = 0. For a player in B to not use signal i, the right-hand side of the first-order
condition given above in (18) must be weakly negative. That is,

cg —&
Bplwppwip + wpawia] + —5— < 0.

K

In equilibrium, then, & > Bpwpaw;ak? + cg = Bpwpalca — &)/(1 — Bawaa) + cp. Equivalently,

£ > Bpwpaca + (1 — Bawaa)cn
' 1—pawaa+PBpwpa

Now w; 4 > 0, so c4 > &. This in turn implies that, for signal ¢,

Bpwpaca + (1 — Bawaa)cn
1 — Bawaa + Bpwpa

ca > & > , andso cy4 > cp. (20)

However, the very same exercise for signal j # i can be conducted, yielding

Bawapep + (1 — BpwpB)ca

and so cg > ca.
1 — Bpwpp + Bawap

cg > & >

Clearly, then, there cannot be both ani € Ny,5 and a j € Np/4 in equilibrium. O

Proof of Proposition 7. (i) Suppose Ng C Ny4. B-types use a (possibly weak) subset of the signals
used by A-types. (18) and the first expression in (19) provide the first-order conditions for i €
Nanp and i € N,y p respectively. w;p = 0 for all i € N, 5 and all other weights are zero.

Consider the implication Ng € N4 = g > B4 first. Suppose indeed that Ny € N4. Then
Nanp = Npg. Substitute the first-order conditions for w;4 into those for w;p in (18) for all i € Np
(recalling that Ny C N4). This exercise yields

BBwBA c
BAWABwiB + D) P

1—Bawaa K3 K3

w;p(1 — BpwBB) =

Agi:| +CB*§i'

Rearranging to solve for w;p, and using ¢ = ¢(1) from (13),

cA— & on— £
dwip = BpwBA - < + (1 — Bawaa) Bﬂg S

% %

1
wip = g5 [BBWBACA + (1 = Bawaa)ep — &i(Bewpa + (1 — Bawaa)) |
Now, summing over N, and noting 3 ;. v, w;jp = 1,
Bpwpaca + (1 — Bawaa)ep = % + &p(1 — Bawaa + BBwsa), (21)
ZjeNB /"ij

where £5 is the accuracy-weighted average clarity over signals used by type-B players (explicitly
written in Proposition 7). Thus, for such i € N, weights for B types are

1/k? (5_3 — 5i> : 1 — Bawas + Bpwpa
iB= =5 , with ¢ = . (22
e > jeny 1/K; ow K3 with o5 (1 — Bawana)(l — BpwpB) — BaBBwABWEA .

The weights for type-A players depend on whether type-B players are using the signals or not.

(2

When they are, (18) applies for w; 4, when not, (19) applies. So

. 1 ca—&i
1€ Ny =  Wia =
/B ’ 1 —fBawaa K2
1 P agt
1€ NAQB = W;A = A & IBAWAB wW;B- (23)

1 — fawas r? 1 — Bawaa
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Summing over all i € N4 = Nanp U N,,p and noting that ZjeNA wjA = ZjENB wijp =1,

1 &j Bawap
= & | 4 _Pawas
1 — Bawaa Z ~ Z 1 — Bawaa

GNA ]ENA

Rearranging gives an expression for c4. Now, by assumption, Ng C N4 and so the chain of
inequalities in the first expression of (20) holds for some i. Using (21) and

1— B4

“- ZjGNA 1/’*? e
(20) can be true for this i if and only if
fa+ — S >&6>Ep+— Lt , where ¢4 = L (24)
$AYjen, LK ¢B Y jen, 1/K] 1—Ba

Assume the converse of the required result, so that vz < 74. Then

¢LA < ¢LB & 1-04< (1= ﬁAwAfi)(_lﬁ;iijf?)ﬁ;wiiﬁBwABwBA
& (1—=Bawan)’+ (Bpwpa — Bawap)(1 — Bawaa) < (1 — Bawan)(l — Bpwis)
& (1= Bawaa) + (Bpwpa — Bawap) < (1 — BpwBB)
& B < Ba.

So, if B < B4 then 1/¢p4 < 1/¢p and so

1 1 1
SUNEYS SV A ” Sjena /A2 .
But there must an exist an i such that (20) holds, and therefore an i ¢ Np such that (24) holds.
§z>fB+l% A fz>§Bu{}+ ! 2>
OB X jen 1/65 ¢B 2 jeNputiy 1/

defining ¢, Bu{i} in an appropriate way and using the usual argument via cross multiplication and
addition of §;/ m? to both sides. If Ny = Np U {i} then this expression along with (25) contradicts
(24). If N4 contains further signals not in Np, then let i = {argmin; §; |j € N4,p} and apply the
above argument. Then repeat the last part of the argument for 7 + 1, i + 2, etc., until all signals
in Ny, p are included. A contradiction is reached again: if Ng C N4 then 3 > 84, as required.

Now suppose 8g < 4. Then Ng is not a subset of N4 by modus tollens. Apply Lemma 4:
N4 C Np. Thus, swapping A for B, if Sg > 4 then Ng C Ny, proving the proposition’s first
statement. Note that application of (24) immediately gives the final statement of claim (i), that
this subset consists precisely of the clearest signals in N4.
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(i1) Recall the weights given in (22) and (23). Let i € Nanp so that players in A and B acquire 4,

1 ca—§& BawaB
wia S wip = 1 Bawan 2 1= Bawan w;B < WiB
2N CAK_Z & < (1—pBa)wis
ca—& _ 1 1/K2 &g —¢&
- K; §¢_A [ZJGNB 1/k 2+¢B< ki )]
1 1
& Pa [¢A Z]ENA / (§A 51)] S m +¢B(§B - &)
& G - e + (60— 94
" o —da > jeNs 1/“? D ieNy 1/’%2 BB ASAT

where the fourth line follows from substitution for c4 and the final line from noting that ¢p > ¢4
if B > Ba. If Ny = Np then the summations are identical and cancel, and 4 = £p, yielding the
final result stated in claim (ii). If Ng C N4 then the signals unused by B (i € N,4,p) are the least
clear used by A, trivially confirming the result for such :.

(iii) Again consider (22) and (23). Using the former, multiplying by &; and summing over i € Np,

L )\2
ZBZEB_¢BZ%-

i€ENp @

Similarly, multiply (23) through by ¢;, and sum over i € Ny,

2
- w

Zy— Z—CA—Z% L Pavas
1

1- /BAWAA et e 1 — fawaa

since w;p = z;p = 0 for all i € N4,p. This is greater than or equal to Zp if and only if

Z éthA— Z £Z >ZB 1_614)

ZGNA zENA
= §i — _A) = (& —€B)°
& &y Wi S ST SB)
gA ¢A Z /{2 = gB ¢B Z HZ ’
iEN A ? i€ENp 1

which follows by substituting for ¢4 and rearranging. Now (65 > 84 = ¢p > ¢4. Moreover
Np C N4. By the proof method of the later Proposition 9, 7, > Zp as required. O

Proof of Proposition 8. The objective is to examine the properties of w;y as M — oo. First, wj,,
is found for any j, m in terms of ¢;, with k£ € {1,...,m}. For m > 1, repeated substitution yields
Wim = BPjwim—1 + 1jCm
= Bp;i(Bpjwim—2 + Yjcm—1) + Yjcm
= Bp;(Bpi(Bpjwim—3 + Yjcm—2) + Yjcm—1) + jcm

= (Bp))™ twj + %Z:j(ﬂﬂj)kcm—k
= ¢j22:01(5pj)k0m—k,
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where the last line uses w;; = 1;c;. Now, making a change of variable for %,
= ¢jzk:1(ﬁpj)m‘kck. (26)

Using the fact that " | w;,, = 1, and (26), the sequence {c,,}}/_, can be deduced:

1= Zizlwizkzl(ﬁpﬂ -
So, using this expression for m and m + 1 yields

n m+1 _
Zz IMZ sz) Ck: = Zi:1¢izk:1 (Bpi)m—H kck
= Zizlw [Z (5,0i)m+1_k0k + Cm+1}
= Z:;l’t/}iﬂpiz (Bpi)™ *er + Z Yicm+1
Cm+1zi:1¢z = Z il — 5Pi)zk:1(5ﬂi)m_kck or
Cm+1 = Z wz sz Zkzl(ﬁpi)m_kck
= Zkzlck [Z - i1 - ﬁpi)(ﬂpi)mfﬂ

:Z;:Zlcku,@”, where o} Z 7!)1 — Bpi)(Bpi)™~

Now, note that v’ = v} Land v,f:”_l > v} for all m > k > 1. Define Ac,,, = ¢, — ¢;n—1. Then

m m—1 m m
Ac = LUyt — cp Tl = cLUpt — cp_qum !
m+1 Zkzl kU Zkzl kY% Zkzl kY Zkzg k—1Yk_1
m m m m —1
=c1vy + CLU. — [ v
1¥1 Zkzz kYk Zk ok —1%—1
m
= co" + Z Ackv,’cn.
(The last line follows from v} = v} 1 .) Now, by induction, it can be shown that ¢,, < ¢,;,_1 for all

m > 1, or equlvalently that Ac,, < 0 for all m > 1. Suppose, first of all, that for some ¢, Ac¢; < 0.
Then, because vk s vf forall t > k > 1,

t t—1
Acii1 = cleﬂle + Z Ackv,tg = clv'i + Z zAckvz + Actv,f
< 011}1 1y Z Ackvk + Actvt Acy + Actvf =1+ vf)Act <0,

by the induction hypothesis. So, if Ac; < 0 then Ac;11 < 0. Now consider m = 2,
1 n oA
cy = Zkzlckv,i = civ] = Clzizlwi(l — Bpi) < ci,
since v;' < 1for all m > k > 1. So indeed c; < ¢; or Acy < 0. Therefore, by induction, Ac,, < 0
for all m. In other words, {c,,}}/_, is a decreasing sequence. It is bounded below. In particular,
again using >\ | wi, = 1, forall m > 1

1= B30 Wim—1pi S 1-8

0.
D Vi BD YR

Wim = ﬁ’wjmflpj + le/Jj = Cm =

Moreover, the value of ¢; is known, and so

1-8 1
zn—1 ¢z 7 Zn—l wz

Therefore {c,,}}/_, converges as M — oo. It remains to establish that the sequence {w;, }}_

for all m.

Cm €

converges as M — oo for all j. In fact, subtracting wj,,—1 from wj, and using “A” notatlon
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AWjm = Wjm — Wim—1 = BpjAWjm—1 + VjAcy, for m > 2. Evaluating at M and taking M — oo,

lim Aw;y = Bp; lim Aw;p— . lim Acy = Bp; lim Aw;p—

Moeo = IM B Moo = IM—1 + Moo —M Bp; Moao = M=

since limp/—oo Acyr = 0. Hence limps,oc Awjpr = 0. Thus the sequence {wjm};",f:l converges as
M — oo for all j. Define coo = limp;_yo0 cps. From the Mth first-order condition

winp = Pwjnp—1pj + ey = lim (wijnm — Bpjwiv—1) = Vjcoo,

M —o0

and so, defining wjo. = limp/—oc wjar, for all 7,

(Z] ooy 17
BT jﬁp]cc’o - CWZ[Zizllﬁm] '

Thus the weights converge to the familiar (from Section 3) expression

¥ :
]m_l—ﬁp]/zz 11_51 forallj.

Summarizing in the accuracy/clarity notation and substituting for p; and 1); gives the expression

in the statement of the proposition. O

The next lemma is useful for the proof of Proposition 9, and is stated (in words) in the main text.

Lemma 5 (Shrinking Signal Acquisition). If player m does not acquire signal j then nor does any
later player m’ > m in the hierarchy. That is zj, = 0 = 2z = 0 for all m’ > m.

Proof of Lemma 5. The first-order conditions for m > 1 when wj,, > 0 may be derived from (7):

Wim = /Bwjm—l + Cm _2 fj . (27)
Ry
The first task is to show that ¢, < ¢,,_; for all m > 1. Consider (27). Sum over all i € N,,, then

1= Y wm=p Y wimaten ¥ 5= Y 5
1EN, 1ENm zeNm 1ENm
Note that ), N, Wim—1 < 1. Thus, for all m > 1, ¢, can be bounded below:

o > (1-08)+ ZieNm 51/"5@2
B Zz‘eNm 1/"%2

= ZE(Nm; B).

Forj ¢ va

Bujm 1 + €J<o S BN wmaten Y - Y S<0

iEN— iEN— R iEN—
where N~ = -N,, N N,,_1. For j € NT = N,, N N,,,_1 the condition in (27) applies, and
&i
szm—ﬂZw@mﬁCmZ -2
1ENT iENT 7,EN7L ieENt T
Forj € N7, wj,, =0and N, .1 = NTUN", so
1 & 1 5
1> szm>ﬂ2wm1+cm 3 s Z ;_BJFCm Z 1 Z i
i€N,— i€Ny,— iENm_1 1 ieNm_ iENm_1 T ieNm,

In other words, ¢,, < Z(Ny,—1;0) for all m > 1. Thus, ¢, < E(Nyp-1;08) < ¢m—1 for all m > 2.
Moreover, from the earlier fact that ¢; = =Z(Ny,0), and noting that =(-, ) is decreasing in 3,
cm < E(Np—1;8) < e for all m > 1: {c,,}}_, is a decreasing sequence, as required.
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Now consider the statement of the lemma. If m does not use j, then w;,, = 0. Therefore Sw;,,—1+
(cm — @-)//{? < 0. As a consequence, &; > ¢,,. For m + 1 to use j, wj,,+1 must be strictly positive,
and therefore (27) applies (evaluated for player m + 1) and is strictly positive. But w;,, =0, so it
must be that ¢,,11 > §;. But then §; > ¢, > ¢41 > &, a contradiction. Repeating this argument
for all m’ > m + 1 yields the result. O

Proof of Proposition 9. From the discussion in the main text, Ny = {1,...,n1}. To confirm that
Nj is unique, it is sufficient to confirm that =(N1;0) crosses the (rising) sequence of ¢;s only once
(which will be after n; and before n; + 1, by definition). First, take j = max{i € N} such that
&j+1 > 2(N;0) > &, if such exists. Then, for instance, for any £ > j,

1 & /K2 ;
G2 €0 > S(N;0) = TIN5 2>1+Z§

ZiGN 1/k; iEN ieN
X2 1 1
& &Y. = +§—1€>1+§:€ 5’“ & Gy, 5>+ > 5
iEN & i€EN Kk ieNU{k} i zeNU{k}
& &> ienugw S5 _ =(N U {k};0).

ZiENU{k} 1/k7
A symmetrical argument applies for £ < j, so that & < & < Z(N;0) & & < E(N\{k};0).
Thus, by continued application of these facts, no superset or strict subset of N can satisfy this
property. Therefore, there exists a unique n; > 1 such that z;; > 0 & w;; > 0 for all j < n; and
zj1 = wj1 = 0 for all j > ny. So Ny = {1,...n1} is unique as required.

Now, consider m > 1. In order to show N,,, = {1,...,n,,} with n,, <n,,_; for all m > 1, note that
Ny € Np,—1 from Lemma 5. Next, N, = {1,...,ny} for all m is required. That is, each player
uses a subset of signals consisting of the most clear (lowest ;). This has been shown for m = 1.
To see this for general m, consider the minimum m for which, for some j, w;,, = 0 but wj;,—1 > 0.
Now, again by Lemma 5, wjy,—1 > 0 = wjny > 0 for all m’ < m — 1. By way of a contradiction
suppose that j < n,, and there exists some ¢ > j for which w;,, > 0. Then

Pwjm—1 + o - & <0 = B Bwma2+ Cm*lQ_ & + o - & <0
K K KR

J J J

m
iy o _ £,
> Puwjms+ B mLi 253 <0 = prwp Y L 24:] <0
I<J- K4 K2
J J k=2 j
S ck — &
= § Bm_ijgo,
k=1 j

where the penultimate line follows from repeated substitution for w;,,—» and the final line from
the value of w;; established in the main text. Rearranging,

gj > Z:;lﬁm—kck/ZZLIﬁm—k'

Signal i is used by m, and so is used by all m’ < m. The very same calculation can be made for i,
therefore; because w;,,, > 0, the first-order condition applies, and

m

wim =Y prkEE (28)

k=1 ?

Buti>j,s0& > & > Y00, B e/ Y0k, ™% implying wyy, = 0, a contradiction. No “gap” can
open up for the first time at any m > 1. Since there are “no gaps” at m = 1, there are no gaps for
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any m. Finally, observe that n,, is uniquely determined for each m > 1 (applying precisely the
method used above for n;). These facts together prove the statements in claim (i).

Turning to total information acquisition, in claim (ii), define

& = ZieNm fz/”?
D ieNy, 1/ K7
Now given the ordering of the ¢;s and the facts proven earlier that N,,, C N,,_; for all m > 1, and
there are “no gaps” for any m so that N,, = {1,...,n,,}, it is clear that this measure of “average
clarity” declines: &, < &, for all m > 1.30 Using this notation, construct the positive weights
for player m. In particular, since w;,, > 0 implies that w;,,, > 0 for all m’ < m. (28) applies
whenever w;,,, > 0. Summing over all such i for player m and rearranging,

> amta Y —1+ZB’” I e

k=1 zENm zENm ZENm

Therefore, dividing through both sides by > ;. 1/ 7 and using the ¢, notation,

N ok 1 1—8m_
L e AR A o

From the first order conditions, z;,, = &wim. So, if wi, > 0 then, from (28), for all m > 1,

am::§:5m—k< = &>£z (30)

k=1 g

Now, total information use (or total cost of information use) is Z,,, = >, N, Zims

> ien,, L/K; 1-p iEN,, Vi 1-5 Ny,
. me< &£ o 1>1—W (& — &m)?
— &, — g2 = | =& — , (31)
1-0 z‘eZN:m /i? iezN:m n? 1-p z'ezN:m "%2

where the second equality follows from (29), the third from rearrangement and the definition of
& and (31) from further rearrangement of the “variance-like” second term.

Now recall i € N,, if and only if w;,, > 0 & z;, > 0. Using the recursive expression for w;,, in
(28), therefore, i € N,, if and only if

m—kC &i m— 1—-pgm
Wi >0 & 25 Mm >0 o ZB ke > 156
. ! +1_ﬁm§_m>1_6m§¢ T Y A ! 5. (32)

D iENm 1/k3 1-p 1-p 1= B3 ien,, 1/K;
Now N,, € N,,_1 for all m > 1, and z;;,, > 0 = z;_1.,m» > 0 for all m > 1. Using these facts, the
statement of claim (ii), concerning total acquisition, may be proved.
300f course, this measure is actually inversely related to average clarity (recall, 1/¢? is interpreted as

information source i’s clarity). Therefore, as expected, the signals acquired by players further down the
hierarchy have higher clarity on average than those acquired by players above them.
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If N,, = N,,_1 then inspection of (31) is sufficient. The last term is (weakly) positive, and does
not change from m — 1 to m, likewise the first term, but 5 < 1 so 8™ < ™1, s0 Z,, < Z;—1. The
harder case is when N,, C N,,_1. Consider moving up the chain from player m + 1 to player m.
Assume, in the first instance, that N,, = N,,+1U{j}, so that j is the (sole) signal that m acquires,
but m + 1 does not.

First suppose that ¢; = &,,+1. Then &, = £,,+1. Moreover, since &, = .41, from (31)

- 1-— (& — &mt)?
m=&m1l = 3 ZEZNm 2

= €m+1 -
1 K2 1-0 1432.

_ 1—pm (& —&mr)?  1=8"(& — &Emm)?
o ’8 iegmzﬂ
= 1-p8m i 7m 2
=&m+1 — 1-7 Z ¢ :2 +) 2 Zm+1,
1ENm4+1 i

where the final equality follows from the supposition ¢; = &,,11, and the inequality follows from
pm+l < 3™ and the (weak) positivity of the variance-like term.

Now treat Z,, as a function of §j. Note that it is quadratic in ;. Compute

AZm  dém Em)’
de; — dg; 1 —»5 EE: d ﬁg

1€ENm
Uk 1— ™ [2(¢ £m — &) dbm
B Yien,, /67 1= | - QZEZN"L "ﬂz dg;
_ Vs 1-pm 2<£j—€m)_ s 6o 5m
ZiGNm 1/'“%2 1-p i "55 ZzeNm z2 €N

_ YR 1o 8mag - E)
D icNm 1/k3 1-p ’%2' ’
where the final line (and the quantity d¢,,/d¢;) follow from the definition of &,,. So it follows that
Zm is increasing in &; if and only if §; < &m where
11-8 1

= T e, 1

Summarizing, Z,, is a quadratic in ¢; with its maximum at &» and it is greater than or equal to

Zm+1 when evaluated at £; = &,,+1. It is therefore greater than or equal to Z,,; (which does not
depend on ¢; by assumption) for all &; € [&41,&m + (§m — Em+1)]- Now
ém‘i‘(ém_gm—i—l) :2€m_gm+1 :f_m‘i' 1-5 ! +(€m_5m+1>a
1= 8" e, 1/K;
where the last term is strictly positive. But, for j to be acquired by m and not by m + 1, it must

be that (32) holds for m and fails for m + 1. That is

1-8 1 _ 1-8 1
< 7 < m + )

[ TEED SIS V- I L R T S

which implies ¢; indeed lies (strictly) within the required range for Z,, to be larger than Z,, .

Emt1 < Emi1 +

This argument can be repeated for cases when N,,.; and N,, differ by more than one signal (in
intermediate steps, starting with the highest ¢; in V,, but not in N,,;{, and then the second
highest, and so on). Therefore, Z,, > Z,, 1 for all m, as required.
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For the third claim of the proposition, first note that by substitution of (29) into (28),

_ 1 1 18" ¢
Wim = li? ZieNm 1/512 1-3 (6] §m) (33)

whenever w;,, > 0. Information acquisition of signal j is then simply z;,,, = {;w;,,. Consider (33)

evaluated at m and m + 1.

L =t = Ziele+1 [k} 1 Iﬁn;ﬂ (& — &myr) > ZieNi 2~ 11__65 (& —&m)
_ gm+1 om
- Ziele_H 1/ Ziez\; 1/k? + 1 ? 5+ Emt1 — %Em
> 5””*11_—;1 - ﬁm)gﬂ' - Bml(l__ﬁﬁ) §=0"¢
Tus {Zieleﬂ 1/ - ZieNi 1/k3 * : Ifngl S 11__6;5_7,1} /ﬁm'

Noting zj,, = {;w;m, proves claim (iii) so long as j is used by both m and m + 1. If j is not used by
m + 1, then the claim follows immediately (m + 1 uses a subset consisting of the clearest signals
used by m). For the final claim (iv), note that the last line in the above displayed inequality
reduces to &; < &, = &1 Wwhen Ny, = Ny, O

APPENDIX B. ADDITIONAL MATERIAL

B.1. Quadratic Forms. As noted in the text, ), 2 Ymmy =1 is a normalization, which allows
the aggregate coordination motive to be captured by ,,,. The equality 1—3,,+ 5, Zm’;ém Ve = 1
holds if u,, is scaled appropriately. Dropping both normalizations and instead re-scaling the
payoff u,, so that the weight on the match-the-fundamental component is equal to one leads to
Uy, = constant — (a,, — ) — Zm/;ﬁm%”m’(am — )2
This allows for } , 2m Ymm F 1 and 7,y = 0 for any pair of players. In a full-information
environment, the best reply of player m to an action profile of others is clearly
0+ / 1Ay OBR,,[a_im, 0 OBR,,[a—,, 0
BR[a_m,0] = 2t o Yo = Mo [a—m, 0] + Z L, [—m. 9] = constant.
1+ Zm/#m’}/mm/ 00 m/#m Gam/

Thus a common change in 6 and the actions of others changes the best reply of player m by the

same amount. This “adding up” constraint implies that there is a (unique) symmetric equilib-
rium of the full-information game. Note, however, that there is no restriction on how the best
reply of player m responds individually to # and to the actions of others.

This is now compared with the model used by Ballester, Calv6-Armengol, and Zenou (2006).
They set u; = a;z; + %aiix? + E#iaijxixj , and immediately assumed o; = a >0and o;; =0 <0
for all i (although their Remarks 1-2 on page 1409 briefly revert to the more general setting).
This uses their notation where i indexes players and x; is the action choice of player i. Payoffs
can be re-scaled so that 0 = —1. Changing to the notation of this paper, this is equivalent to

_ 1.2
U = Oam, — 5a;, + g mlimymm/amam/.

For this specification the best reply of m to the actions of others is

OBR,,[a_m, 0]

90 = constant.

BRm[a*ﬂ%e] =0+ Z 12 TYmm! @m/ =
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Thus every player’s reaction to a change in the fundamental 6 is identical. However, the “adding
up” constraint does not have to hold, and so the equilibrium is not necessarily symmetric. In
fact, symmetry of equilibrium with this payoff specification requires ), mYmms = constant.

Summarizing, both the specification here and the one of Ballester, Calv6-Armengol, and Zenou
(2006) allow for arbitrary weights on coordination with others. Ballester, Calv6-Armengol, and
Zenou (2006) required the optimal reaction of players to a change in 6 (or the expectation of
0, more generally) to be constant across the player set. Here, however, the optimal reaction of
players to a common shift in both 6 and others’ actions is constant across the player set.

These specifications can be combined by allowing an extra parameter ¢, for each m and setting
Uy, = constant — (a,, — 6,,0)% — Zm/¢m7mm/(am — am)?,

6.3! To obtain a specification equiv-

so that each player m targets a differently scaled version of
alent to Ballester, Calvé-Armengol, and Zenou (2006) requires 6,/ (1 + Zm,?ﬁmfymm/) to be con-

stant across the player set; to obtain the specification here requires 4,, to be constant.

B.2. Weights for Three-Player Example. In the example of Figure 1 with at most two signals
in positive use by at least one player and &; < &, suppose there is an equilibrium in which

1 [ 1 .
wnzm—% m—@l_g)]>

1] 1 .
g s e ® )

1] 1 1— .
wm:EEflmf—lﬁ;@nfiuﬂm+m,

L £~i=1 )
1] 1-By+B8,

Woo = H_% _2321 1/,%? - 1 —B'Y (52 _g)] (1 - 5’7)7

wiz3 =1 and w3 =0.

It is straightforward to check that these weights solve the equations of Lemma 2, so long as
we3 = 0 and wayy > 0. (Because & < € < &, with £ as defined in the main text, if wyy > 0 then
w1z > 0, and wey > 0 = wo; > 0 = wy; > 0.) To confirm wy3 = 0 and wyy > 0, using (7), and
following some algebraic manipulations,

$—& 1—5*(1—9) 1
=0 > = —. 34
vl S T Z T80 -D) b B4

On the other hand, straightforwardly, wss > 0 if and only if

1— By & —&
1—5fy+ﬁ> o (35)

The first expression in (35) can exceed the second expression in (34) only if v < % (as assumed

in the main text). For player 2 to acquire the second signal and player 3 to ignore it, player 3
must be more central than player 2. Moreover, it is straightforward to check that, for v < %, the
inverse of the first expression in (35) is less than by, player 2’s centrality (b» and b3 are given in
(2) explicitly). This justifies the sufficient condition for ws3 = 0 and w9y > 0 given in the text.

31An additional coefficient v,/ can also be introduced to scale the target action of each other player, so
that the coordination motive between player m and m/ is captured by the 108S V(@ — Vi Gmr ).
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B.3. A Generalized Hierarchy Network. Here, a more general version of the hierarchy net-
work analysed in Section 5 is presented. The model introduced at the beginning of the section,
for which Figure 3 illustrates an example, can be extended even further. Below, however, a
recipe is provided for adapting Propositions 8-9 to the case where every level ¢/ > 1 contains
several isolated groups, each containing g + 1 players. Any two players within a given group
have v, = Ym'm = 7. Each player m in level ¢ > 1 is linked to precisely one player m/ in layer
£ — 1 with ~v,,,, = 1 — ¢gv. There is a single player in level 1 (player 1) who is linked to no-one.
Further, suppose there are L levels in total.

First, an analogue to Proposition 8 is available. Define w;; = w;,, and ¢; = ¢, for any player m
residing in level /. Applying Lemma 1, the optimal weight on signal j for a player in level / is
wie = Bpj {(1 = g7)wje—1y + gywje} + coj,
for all £ > 1. If = 1 then w;; = c1%; as in the model described in Section 5. For ¢ > 1,
(1= Bpigvwje = Bpj(1 — gy)wje—1) + o)y
wje = Bpjwje—1) + cey, (36)

where p% = p;(1 — gv)/(1 — Bpjgy) and ¥ = ¢;/(1 — Bp;g7y). This, however, is the very same
expression as that of the opening statements in the proof to Proposition 8 in Appendix A, but
with p; replaced with p; and 1); with ¢7. The only caveat is that, at { = 1, wj; = c19);.

Noting this difference at ¢ = 1 is all that is required to show an analogue for Proposition 8
(replacing 1 — 3 with an appropriate constant). Repeated substitution in (36) yields (for £ > 1)

- -2
wje = (Bp}) " wjn + w;zkzo(ﬁp§)kce—k-

Now wj1 = ¢je1 = 7 (1 — Bpjgy)er = Pjer — ¢5Bpjgyer. Therefore, (26) can be rewritten

wie =053 (B0} e — w3 (80)) rer

for any player in level ¢ > 1. Now, other than the second term, this is precisely the same as (26).
Following exactly the method of the proof to Proposition 8,

o= 3 D= B30 (B ek — Y 9i(1 - B} (8o e,

where 1[1; =97 /3" F. Noting that this last term is the analogue of v§, but where v; is replaced
with ¢%, and p; is replaced with pj for all j, and abusing notation somewhat,

£ nooa
Coi1 = Zk:lckvi — g'yvécl where vﬁ = Zizlqﬁ(l — 5,0;)@@)@—@ 37

Following step-by-step the approach in the proof to Proposition 8 yields

l _
Acpiq = Clvf + Zk:zAckvi + 97(1}5 - US)Cl.

The last term is positive, given the definition of v,i above. Showing that the sequence of ¢;s is
decreasing follows by induction. The only difficulty is the step at £ = 1. But note, for all ¢ > 1,

n ~ n A
vg =g =y R Be)P (B T < Y = B (B0 =gt g
Thus, the induction step follows even when adding this new term to Ac;11. Now, from (37),
co = c1v] — gyvper = c1(vl — gyv}). The first component in the parentheses is smaller than one.
Therefore, ¢ < ¢;. Once again, {ck}ﬁzl is a declining sequence, bounded, and so converges.
The remainder of the proof is exactly the same, replacing ¢; with ¢ and p; with pj in each
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expression. Then, as before,

Wjoo = 7 Bpj/gl—ﬁ* for all ;.

Replace 1 — g with 1 — 5(1 + ¢v), and recall the maintained assumption that |3(1 + gv)| < 1.
Therefore, the weight attached to each signal j is precisely as given in Proposition 8, but where
1 — B is replaced with 1 — 3(1 4+ gv) and M = L denotes the final level in the hierarchy.

Variants of Lemma 5 and Proposition 9 continue to hold, replacing the player subscript m with
the associated level £ and using the notation described above. All that is required is to replace 3
appropriately, and to take care to adjust the x? parameters in the proof.
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